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Ring Isomorphism 

Definition : If (R,+,.) and R′, +′, .′ are two rings, let f be a function from R into R′ i.e. 

f: R → R′,then f is called a ring isomorphism if: 

1) f is a ring homomorphism.
1) f(a+b)=f(a)+’ f(b)

2) f(a.b)=f(a).’ f(b)

(2 f is one to one (injective) f(a)=f(b) a=b ∀a, b ∈ R

3) f is onto (surjective) ∀ 𝑦 ∈ 𝑅′ ∃ 𝑥 ∈ 𝑅 ∋ 𝑓 𝑥 = 𝑦



The fundamental theorems of ring homomorphism 

If f: R → R′ is an a ring homo. Then R/ker(f) ≅ f(R) = R′

Proof: Define g: R/ker(f) → f(R)

s.t. g(x+ker(f))=f(x) ∀ x ∈ R

Theorem 1) first fund. Theorem 

T.P. g is well- define?

توضيح
To prove g: R/ker(f) → f(R) is

isomorphism we should prove :

1) G is well define

2) g is a Ring homo.

3) g is 1-1

4) g is onto



Let x1 + ker f = x2 + ker f where x1 + ker f & x2 + ker f ∈ R/ker(f)

⇨ x1 − x2 ∈ ker f

⇨ f x1 − x2 = 0′ (f is homo.)

⇨ f x1 − f x2 = 0

⇨ f x1 = f x2

⇨ g x1 + ker f = g x2 + ker f

∴ g is well define.



T.P. g is homo. ?

Let x1 + ker f , x2 + ker f ∈ R/ker(f)

1) g x1 + ker f ⊕ x2 + ker f =

g x1 + x2 + ker f =

= f x1 + f(x2)

f x1 + x2

)= g(x1 + ker f ) ⊕ g(x2 + ker f



2) Let x1 + ker f , x2 + ker f ∈ R/ker(f)

g x1 + ker f ⊗ x2 + ker f

= f x1. x2

= f x1 . f(x2)

∴ g is homo.

= g x1. x2 + ker f

)= g(x1 + ker f ) ⊗ g(x2 + ker f



T.P. g is (1−1). ?

g x1 + ker f = g x2 + ker f

⇨ x1 + ker f = x2 + ker f

⇨ f x1 = f x2

⇨ f x1 − f x2 = 0

⇨ f x1 − x2 = 0′

∴ x1 − x2 ∈ ker f



T.P. g is onto ?

Let  y ∈ f(R)

∴ ∃ 𝑥 ∈ 𝑅 𝑠. 𝑡. 𝑓 𝑥 = 𝑦

⇨ g(𝑥 + ker f ) = 𝑓 𝑥 = 𝑦

∴R/ker(f) ≅ f(R)

⇨ 𝑥 + ker f ∈ R/ker(f)


