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Definition: Let (R,+,.) be aring, an element a € R is called zero divisor if a # 0

and thereexists b # 0 :b € R such thata.b=0.

Example (1): (Zg, +g, -g) IS aring, zero divisors are {2,4,6}.

1 2 3 4 5 6 7
1 1 2 3 4 5 6 7
2 2 4 6 0 2 4 6
3 3 6 1 4 7 2 5
4 4 0 4 0 4 0 4
5 5 2 7 4 1 6 3
6 6 4 2 0 6 4 2
7 7 6 5 4 3 2 1




Example (2): (Z5, +3, .3 ) has no zero divisors.

1 2
1 1 2
2 2 1

Note: (Z,, +,, -p), If p Is a prime number then there is no zero divisors




Remark: : Let (R,+,.) be a commutative ring with identity 1, if a € Rand a#0, a is an
Invertible element then a Is not zero divisor.

That is a is invertible element implies a is not zero divisor.
Proof: if a € R, a#0 and a Is an invertible element.
~ Ja ! eRs.t.talla=aal=1
Suppose a is a zero divisor. Thenab e R,b #0s.t. a.b=0
a~l.(a.b)=a1t0
- (@ata).b=0
- 1.b=0 —->b=20 C! (sinceb#0)

~ a IS not zero divisor.




Definition: Cancellation Law
LetRbearinganda,b,c € R,a# 0anda.b = a.cimpliesb = c.

Theorem(1): let (R,+,.) be a commutative ring without zero divisors
Iff the cancellation law holds for multiplication.

Proof: we assume that R Is without zero divisors, and let a, b, c

ER s.t.a# 0

— a.b = a.c
— a.b—ac=0
—»a(b—c) =0
+a # 0 and R without zero divisors
—->b—c=0
—>b=c
~. the cancellation law holds.




conversely

Suppose that the cancellation law holds and leta,b € R s.t.
a.no =0and let a # 0 then
ab=0 - ab =a.0
>b=
Now if b # 0 thenab =0
—a.b =0.b
—a=0

=~ (R,+,.) I1s without zero divisors.




